We find the forbidding pieces of pathology than an AE of an AE need not be an AE. and only rarely does an object have an AE which is also algebraically closed (AC). But still, there are canonical extensions A 5 c'A 5 C [%,,] 
Within a quite general class of structures, it is shown (pursuing a lead of Bacsich) that an extension A 5 B is algebraic according to a definition transplanted from a model-theoretic context of J&son (we say, 'an AE' ) if and only if A 5 E 5 B implies A 5 E is epimorphic in the categorical sense. This is valid in the category Arch of archimedean I-groups. with I-homomorphisms, and its subcategory YY. whose objects have distinguished weak unit, whose morphisms preserve the weak unit. Here, we focus on '%-(turning to Arch in a sequel; an understanding of 'u/' is necessary first), deploying our theory of epimorphisms developed previously.
We find the forbidding pieces of pathology than an AE of an AE need not be an AE. and only rarely does an object have an AE which is also algebraically closed (AC) by A; defining these away produces a 'perfect theory'. Corollaries of the development are that the c' objects constitute the least reflective subcategory with each refection an essential extension, and that this class coincides with the class of extremal subobjects of AC objects.
An extension is algebraic iff reskictably epic
This section is intended to take place in the category, or class of structures, 'u", or Arch, and all maps are supposed to be homomorphisms of the class. The reader may refer to [l] or [9] , if necessary, but almost no specific information will be needed;
indeed, it will be clear that all of this section is valid in quite considerable generality. 
A 5 B means that

Proof. (c)+(a)
is clear. We shall prove (a) + (b) and (b) + (c). We need to know that a one-to-one onto homomorphism is an isomorphism, that when f : A+ C is a homomorphism, then f(A) is a subobject of C, and we need products (if only countable):
The product in Arch is the l-group product, i.e., the Cartesian product with the coordinatewise operation and order, and the product in %V of objects A, with weak unit e, is the Arch-product n A, with (e,) as distinguished weak unit. is not epic. 0 [5] , and as we shall see in the next section).
The Yosida representation and algebraic extensions in "ur
The rest of this paper deals with 'ur. We shall recall the Yosida representation, and our characterization of epimorphisms, and then give a preliminary description of algebraic (i.e., restrictably epic) extensions.
(We defined "ur in the Introduction. The reader needing more background can consult [l] or [9] or can use 2.1 below as an operational definition.)
The distinguished weak unit of w-object A will, when a label is needed, be denoted eA. For X a topological space, D(X) stands for {f : X+ [-x , +m] 1 f is continuous, f-'(R) is dense}. D(X) is a lattice in the pointwise supremum and infimum.
If A c D(X), and A is a lattice and group with these operations, and the constant function 1 E A, we say that A is a .?V-object in D(X) (with eA = 1). (Only rarely is D(X) a %V-object in itself; this will be discussed at some length later.)
The following is described in varying detail in [9, 18, 25 
The extensions of W-objects
This expository section describes those extensions of an A E 'Jlf mentioned in the abstract, which are relevant to the study of algebraic extensions. 
2(c), C(F) 3f++ Pfo rTTF E D(L) defines an embedding
as a W-object
, and rT-emerges as the image under the Yosida functor for the embedding
We note that, if 5 and % are two filters of dense sets in X, and 9 & 9, then C 1 a E A} of dense sets. The map
A 3 a -Lij,-~~,) E C(ci-'(R)) 2 C[A-'(R)]
evidently defines a W-embedding
Thus, wherever 9 is another filter of dense sets in YA, with A-'(R) c 9, we
5 C [9] .
Note that such an extension A 5 C [9] is essential, meaning that a morphism cp out of C[s] will be one-to-one if just (~1~ is one-to-one.
To see that, it suffices that for f > 0 in C[ 91, there is a E A with 0 < a 5 f: so, [2] and [3] , and the form of it described there and here was suggested by 2.4 of [20] . Other forms and features are described in [7] and [16] . We list some features of c3A which we shall need, as developed in [3] . We have said about all that is necessary to deal with C[ %?,I, but C[ %,,I is more complicated:
3.4. The quasi-F cover. This theory is from [12] and [29] . We stick to compact spaces, and we follow [12] .
A space is called quasi-F if each dense cozero set is C"-embedded. Given X, let q(X) be the filter of dense cozeros of X, and Z(X), the larger filter of all countable intersections.
We That occupies the rest of the paper.
Algebraic extensions and c3A
We present the main theorem of the paper, and show that the composition of two algebraic extensions need not be algebraic. 
Proof.
Introduce 
A 5 C(S) is the restriction embedding C(X) I C(S), which is not algebraic because C(X) 5 C*(S) is not epic by Remark 2.4(c).
Maximum algebraic extension?
Such things generally do not exist, we show now. But D(Yc3A), while usually not an I-group, is the union of the algebraic extensions of A (Theorem 
Objects with no pathology of algebraic extensions
We prove the following theorem: In ordered algebra, in studying a particular kind of extension, one frequently encounters the condition of majorizing: sometimes it occurs naturally (as with order-dense extensions), and sometimes it seems to be imposed to get a good theory (as with relatively uniformly dense extensions). We now examine those extensions in W which are algebraic and majorizing. This is needed for our sequel about algebraic extension in Arch, via the following: [3] , from the present point of view of algebraic extensions:
In [3] , it is shown that mA (there called CA) is the 'convex reflection' of A. (Of course, the proofs of [3] are built into Theorem 8.2 via 3.2.)
Essential refiections
In Section 3, we noted that each A 5 c3A is an essential embedding.
We now show that, in W, the class c3 (of all B with B = c'B) is the smallest reflective subcategory for which the reflection maps are essential embeddings, or what is the same, for each A, the extension A 5 c3A contains every essential reflection of A. One might interpret this as saying that c3A is the functorial analogue of Conrad's essential hull [lo] for W. (Our sequel will take up these issues in Arch, and the present development is needed for that.) wherever h and g are real, which means h(y) = f( y) on a dense set, so h =fon YL, i.e., 'fE L'. 0 9.5. Remarks. In [1.5, 161, it is shown that if 3 is ess-reflective in W, then each C(X) E 2, and if %! is also closed under w-quotients, then c3 G %!. Theorem 9.2 improves these. Let S,B stand for the class of extremal subobjects of %-objects, and let AC stand for the class of algebraically closed objects. Theorem 9.2 and its proof show that, in W, S,AC is the least en-reflective subcategory. Our sequel to this paper will prove that in Arch; the statement probably has considerable general validity, since the link between essential reflections and algebraic extensions is forged by the quite abstract Propositions 1.2 and 9.3.
